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Introduction
In this study, we investigate the spectrum and the resolvent of the maximal differential operator L λ which is generated by the linear differential expression
in the space L  (R), where λ is a complex parameter, Here,p γ n (λ) is an algebraic polynomial whose degree does not exceed γ -. Moreover, according to () the series ∞ n= |p γ n (λ)| is majorized in every compact set S ⊆ C, i.e. for p γ n = sup λ∈S |p γ n (λ)|, γ = , , . . . , m, n ∈ N, the series ∞ n=p γ n converges. Let ω k , k = , , . . . , m, denote the roots of the characteristic polynomial
Let = {λ sjn : s, j = , , . . . , m, j = s, n ∈ N} and  = ∪ {}. It is obvious that the roots are different from zero according to the condition p mm = . Below we shall assume that these roots are different or all coincide and any three of these roots are not on the same line in the complex plane. Under these conditions, for each constant s the numbers λ sjn = iα n (ω j -ω s ) - , n ∈ N, j = , , . . . , m, j = s, are located on the m - rays from the origin.
Moreover, since λ sjn = -λ jsn , the set is symmetric with respect to the origin. The lines l k = {λ : λ ∈ C, Re(λω k ) = }, k = , , . . . , m, divide the complex λ-plane into m  open sectors S k , k = , , . . . , m  . Let us assume that beginning from sector S  whose closure contains positive numbers, these sectors are numbered S  , S  , . . . , S m  (m  ≤ m) counterclockwise successively. It is clear that if there are different roots ω k , ω j such that ω k /ω j ∈ R, then the lines l k and l j coincide. Therefore, the number of sectors S k may be less than m. In the case φ(z) = (z -ω  ) m the line l  = {λ : λ ∈ C, Re λω  = } divides the complex λ-plane into two half planes S + = {λ : λ ∈ C, Re λω  > }, S -= {λ : λ ∈ C, Re λω  < }. In the sequel we shall see that the resolvent set of the operator L λ consists of the above defined sectors. The interest of the investigation of the spectral properties of the differential operators with coefficients belonging to class AP + has been increased after the study of [] . In [] the differential operator L(y) = -y + q(x)y with periodic potential q(x) ∈ Q + (case m = ) has been investigated in the space L  (R). In this study the spectral data {s n } n∈N has been determined and sufficient conditions have been obtained for solvability of the inverse problem according to the spectral data. Afterward, in [] were found the necessary and sufficient conditions for a set {s n } n∈N to be the spectral data of the operator L(y) = -y + q(x)y with periodic potential q(x) ∈ L  (, π). In 
Floquet solutions of the equation λ (y) = 0
Here, we will show the existence of the Floquet solutions of the equation λ (y) = , which plays an important role in the investigation of the spectrum of the operator L λ . If the characteristic polynomial has more than one multiple root, then there may arise various cases to obtain the fundamental system of solutions. Below, we consider the cases when there exist simple roots or one multiple root.
Case I. The characteristic polynomial φ(z) has different simple roots ω  , ω  , . . . , ω m .
where
, ∀n ∈ N, with U n , U jkn ∈ C and series
is majorized in each compact set S ⊆ C which does not contain the numbers
Proof Let ω be any root of the characteristic polynomial φ(ω). If we assume the existence of the solution of equation () represented as () with convergent series (), then we can find the derivatives of f (x, λ) with respect to x as
If we substitute these derivatives in () and divide both sides by e ωλx , then we get
Taking into account the uniqueness theorem for almost-periodic functions we have
Using the expansion
we obtain
On the contrary, if {U n (λ)} satisfies the system of equations () and the series () converges, then it can be shown that f (x, λ) determined by () is a solution of (). Therefore, the solvability of () and the convergence of the series () are sufficient to prove the theorem.
From (), {U n (λ)} is determined by the recurrent manner uniquely. It is possible to see that U n (λ) is the rational function which can have simple poles
. . , n, and therefore it can be uniquely written as
where U n , U jkn ∈ C. Let S ⊆ C be a compact set which does not contain the points
Let us show that the series () is majorized in S for {U n (λ)} which is determined from (). It is obvious that there exist c  > , q >  such that
and |ωλ| ≤ q for ∀n ∈ N, ∀λ ∈ S. Then from (), we have
Then from the last inequality we obtain 
The theorem is proved.
It is clear that λ jn = iα n (ω j -ω) - may be a singular point of f (x, λ) for any j = , , . . . , m,
Actually, according to Theorem , the functional series in the representation
and the obtained series by m times term by term differentiation are absolutely and uniformly convergent with respect to λ in the closed disk with a small radius centered in point λ jn . Therefore, the finite limits 
Moreover, these functions are also continuous functions of the pair According to Corollary , it is obvious that the function 
The Wronskian of the functions f
From the equality f sjn (x) = b s f j (x, λ sjn ), according to the uniqueness theorem for almostperiodic functions, it is seen that b s = U (s)
jnn . Using the equalities
the system of linearly independent solutions of equation () corresponding to λ = λ sjn can be established. Since the functions f k (x, λ), k = j, j  , j  , . . . , j μ , are regular at λ = λ sjn , the functions 
. . , j ν , it is seen that these functions are linearly independent on (-∞, +∞). Therefore, these functions form a fundamental system of solutions of equation () for λ = λ sjn . Now let us construct the linearly independent solutions of equation () for λ = . Note that, since the Wronskian of the solutions f s (x, λ), s = , , . . . , m, is equal to zero for λ = , they are linearly dependent. Linearly independent solutions of equation () corresponding to λ =  are established according to Theorem . It is clear that solutions of the equation
corresponding to λ =  are also solutions of equation () for λ = . By Theorem , equation () has the solutioñ
which is analytic with respect to λ in some small neighborhood of λ = . By puttingf (x, λ) in () and by differentiating equation () with respect to λ, it is sure that functions
∂λ s | λ= , s = , , . . . , m -, are also solutions of () and () corresponding to λ = . We can see easily thatf  In this case, to find the particular solutions of equation () we will use the following theorem.
Theorem  If the characteristic polynomial has a unique multiple root
iα n x such that g n (λ), n ∈ N, are polynomials whose degree does not exceed n(m -) and the series ∞ n= |g n (λ)| is majorized in any compact set S ⊆ C, the equation
has a solution Proof If we substitute the function () in (), to find the coefficients sequence {h n (λ)} as in the proof of Theorem , we obtain a system of equations,
The coefficients h n (λ) are found uniquely from equation (). In fact, the degree of
for n =  does not exceed m -. Subsequently, for n =  the degree of the polynomial h  (λ) does not exceed (m -) and, for each n, h n (λ) is found as a polynomial whose degree does not exceed n(m -). If for the obtained coefficients h n (λ), n ∈ N, h n = sup λ∈S |h n (λ)|, then convergence of the series 
Corollary  If the characteristic polynomial φ(z) has a unique multiple root
iα n x is a Bohr almost-periodic function. The q n (λ), n ∈ N, are polynomials whose degree does not exceed n(m -), the series
∂x m are continuous functions in R × C with respect to the ordered pair (x, λ) and they are an entire function of λ.
To prove Corollary , it is enough to take g(x, λ) =  in Theorem  and to see m times differentiability term by term of the series in the expression of the obtained solutionf (x, λ) with respect to x. Here the obtained series are uniformly convergent in each bounded set of the ordered pairs (x, λ), therefore functionsf (x, λ),
are continuous functions of the ordered pairs (x, λ) and they are entire functions of λ. 
Corollary . In order to obtain other solutions which form a fundamental system of solutions of equation () together withf  (x, λ), let us use the properties of the linear differential operator L :
where 
hold. Therefore, when the equations
. . . ,
are satisfied, the functions 
If we set in these equations L = L λ and y  =f  (x, λ), the solution y  = e ωλx q  (x, λ), which satisfies the equation
. It is not difficult to verify that the conditions of Theorem  are satisfied. In the same manner, when the functions y s = e ωλx p s (x, λ), s = , , . . . , k -, were found, the existence of the function
which satisfies the equation
is obtained according to Theorem  by induction for g(
are solutions of equation () in (-∞, +∞) for λ ∈ C. The theorem is proved.
Note that the solutions of typef s (x, λ), s = , , . . . , m, are obtained in [] under the different conditions and in various form of the representation.
and hence for each λ ∈ C, the functionsf  (x, λ),f  (x, λ), . . . ,f m (x, λ) form the fundamental system of solutions of equation () in the interval (-∞, +∞).
The spectrum and resolvent of the operator L λ
Here we investigate the structure of the spectrum of the operator L λ and the resolvent operator
tion () has solutions as
Taking into consideration that for every point λ = λ sjn , s, j = , , . . . , m, j = s, each function z s (x, λ) is a linear combination of the functions ϕ  (x, λ), ϕ  (x, λ), . . . , ϕ m (x, λ) and by virtue of the behavior of the function z s (x, λ) as x → ±∞, it is possible to show that for some constants C s (λ) the equality
This means that for every x ∈ R the equality
holds and hence dividing this equality by e -ω s λx we obtain
According to the uniqueness theorem of analytic functions, this equality is satisfied for the analytic continuations of the functions on the semi-plane Im x ≥  with respect to x, which are on both sides of the given equality.
Thus, taking the limit as Im x → +∞ we have
Therefore, the equalities
are valid.
For all j = , , . . . , m, k = , , . . . , m  , and ∀λ ∈ S k the value of Re(λω j ) has a constant sign. Hence, there are M k ⊆ {, , . . . , m} and M k = {, , . . . , m}\M k such that if j ∈ M k , ∀λ ∈ S k then Re(λω j ) < , if j ∈ M k then Re(λω j ) > . Thus, for any k = , , . . . , m  , ∀a ∈ R,
In the same manner, for ∀a ∈ R, ∀λ ∈ S k \ and
. Taking into account all these properties, for k = , , . . . , m  , ∀λ ∈ S k \ , the kernel G(x, t, λ) can be written as
From the expression of the functions f s (x, λ) and ϕ s (x, λ) and from () it follows that for every x, t ∈ R and λ ∈ S k \ , k = , , . . . , m  ,
Using () it can be proved by the standard method (see [] , pp.-) that the operator
λ is an unbounded operator which means λ ∈ σ c (L λ ). On the other hand, since the functions f l (x, λ) and ϕ l (t, λ) do not have the same poles the points λ = λ sjn may be simple poles of G(x, t, λ). If any λ = λ sjn belong to any set S k then these points can be only eigenvalues of the operator L λ . Since L λ does not have eigenvalue, there is no singularity of operator L - λ at these points. Therefore λ sjn ∈ ρ(L λ ) and G(x, t, λ) is regular at these points too. 
